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Abstract
In this paper, the formula of general solution for nonlinear systems with
Caputo-Hadamard fractional derivatives and impulsive eﬀect is found by analysis of
the limit case (as impulse tends to zero), and it shows that the deviation caused by
impulse for the fractional-order nonlinear systems is undetermined. Next, an example
is given to illustrate the result.
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1 Introduction
Fractional calculus was utilized as a powerful tool to reveal the hidden aspects of the dy-
namics of complex or hypercomplex systems [–]. And the subject of fractional diﬀeren-
tial equations is gaining much attention [–].




























and the works in [–] were important to develop the fractional calculus within the
frame of the Hadamard fractional derivative. Recently, Klimek investigated existence and
uniqueness of the solution of sequential fractional diﬀerential equations with Hadamard
derivative by using the contraction principle in []. Ahmad and Ntouyas studied two-
dimensional fractional diﬀerential systems with Hadamard derivative in []. Thiramanus
et al. studied existence and uniqueness of solutions for a kind of Hadamard-type fractional
diﬀerential equations with nonlocal fractional integral boundary conditions in [].
Next, Jarad et al. suggested a Caputo-type modiﬁcation of the Hadamard fractional
derivative in [] (by the Caputo-Hadamard fractional derivative, we refer to this mod-
iﬁed fractional derivative) and presented the fundamental theorem of fractional calculus
in the Caputo-Hadamard setting in [, ].
© 2015 Zhang. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
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Furthermore, impulsive eﬀects exist widely in many processes in which their states can
be described by impulsive diﬀerential equations. There have appeared a number of papers
to research the subject of impulsive diﬀerential equations with Caputo fractional deriva-
tive [–], and impulsive fractional partial diﬀerential equations were considered in
[–].
Recently, we found the formula of general solution for impulsive systems with Caputo
fractional derivatives of order q ∈ (, ) in []. Motivated by the above-mentioned works,





C–HDqa+u(t) = f (t,u(t)), t ∈ (a,T] and t = tk (k = , , . . . ,m),
u|t=tk = u(t+k ) – u(t–k ) =k(u(t–k )) ∈C, k = , , . . . ,m,
u(a) = ua, ua ∈C,
(.)
where q ∈C and(q) ∈ (, ), C–HDqa+ denotes the left-sided Caputo-Hadamard fractional
derivative of order q with the low limit a (> ), a = t < t < · · · < tm < tm+ = T , f : (a,T]×
C → C is an appropriate continuous function. Here u(t+k ) = limε→+ u(tk + ε) and u(t–k ) =
limε→– u(tk + ε) represent the right and left limits of u(t) at t = tk , respectively.
The rest of this paper is organized as follows. In Section , some preliminaries are pre-
sented. In Section , we give the formula of general solution for impulsive diﬀerential equa-
tions with Caputo-Hadamard fractional derivatives. In Section , an example is provided
to expound the main result in this paper.
2 Preliminaries
In this section, we shall introduce some basic deﬁnitions, notations and lemmas which are
used throughout this paper.
Deﬁnition . ([], p.) Let  ≤ a ≤ b ≤ ∞ be ﬁnite or inﬁnite interval of the half-














ϕ(s)dss (a < x < b),
where (·) is the gamma function.
Deﬁnition . ([], p.) The left-sided Hadamard fractional derivative of order α ∈ C





















(a < x < b),
where n = [(α)] +  and diﬀerential operator δ = x ddx , δy(x) = y(x).
Lemma . ([], pp.-) Let α,β ∈ C such that (α) > (β) > . For  < a < b < ∞, if
ϕ ∈ Lp(a,b) (≤ p <∞), then HDβa+HJ αa+ϕ = HJ α–βa+ ϕ and HJ αa+HJ βa+ϕ = HJ α+βa+ ϕ.
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here(α)≥ , n = [(α)] + ,  < a < b <∞, diﬀerential operator δ = x ddx , δy(x) = y(x) and
ϕ(x) ∈ ACnδ [a,b] =
{
ϕ : [a,b]→C : δ(n–)ϕ(x) ∈ AC[a,b], δ = x ddx
}
.
For left-sided Caputo-Hadamard fractional derivatives, the following conclusions were
given in [].
Theorem . ([], p.) Let (α) ≥ , n = [(α)] +  and ϕ ∈ ACnδ [a,b],  < a < b < ∞.
Then C–HDαa+ϕ(x) exist everywhere on [a,b] and















(b) if α = n ∈N,
C–HDαa+ϕ(x) = δnϕ(x).
In particular, C–HDa+ϕ(x) = ϕ(x).






























C–HDqa+u(t) = f (t,u(t)),
t ∈ (a,T] and t = tk (k = , , . . . ,m),
u|t=tk = u(t+k ) – u(t–k ) =k(u(t–k )) ∈C, k = , , . . . ,m,
u(a+) = ua, ua ∈C
→
{
C–HDqa+u(t) = f (t,u(t)), t ∈ (a,T],
u(a+) = ua, ua ∈C. (.)









the solution of system (.)
}
. (.)
Thus, the deﬁnition of solution for system (.) is provided.
Deﬁnition . A function z(t) : [a,T]→C is said to be a solution of the fractional Cauchy
problem (.) if z(a) = ua, the equation condition C–HDqa+z(t) = f (t, z(t)) for each t ∈ (a,T]
is veriﬁed, the impulsive conditions z|t=tk = k(z(t–k )) (here k = , , . . . ,m) are satisﬁed,
the restriction of z(·) to the interval (tk , tk+] (here k = , , , . . . ,m) is continuous, and
condition (.) holds.



















for t ∈ (tk , tk+] (where k = , , , . . . ,m).











































































































































It shows that the piecewise function u˜(t) satisﬁes the condition of fractional derivative in
system (.). Thus, we assume that the piecewise function u˜(t) is an approximate solution
of (.).
Theorem. Let  <(q) <  and  be a constant.A function u(t) : [a,T]→C is a general
solution of system (.) if and only if u(t) satisﬁes the fraction integral equation











s for t ∈ (a, t],
ua +
∑k
































for t ∈ (tk , tk+],k = , , . . . ,m,
(.)
provided that the integral in (.) exists.
Proof ‘Necessity’, it will be veriﬁed that Eq. (.) satisﬁes the conditions of system (.).
Taking the Caputo-Hadamard fractional derivative to the both sides of Eq. (.), for


























































































































































































































































































































































































































































































































































So, Eq. (.) satisﬁes the condition of fractional derivative in system (.).


























































































































































Therefore, Eq. (.) satisﬁes the impulsive condition of (.).
Finally, it can be easily veriﬁed that Eq. (.) satisﬁes condition (.).
‘Suﬃciency’, we will prove that the solutions of system (.) satisfy Eq. (.) by using the
inductive method. For t ∈ (a, t], we obtain the following equation by Lemma .:














s for t ∈ (a, t]. (.)
























































































for t ∈ (t, t]. (.)
Let e(t) = u(t) – u˜(t), for t ∈ (t, t]. Due to
lim
(u(t– ))→
























































































































where the function σ (·) is an undetermined function with σ () = . Therefore,






























































for t ∈ (t, t]. (.)

























































































































































































for t ∈ (t, t]. (.)
Let e(t) = u(t) – u˜(t), for t ∈ (t, t]. For the exact solution u(t) of system (.), we have
lim
(u(t– ))→,(u(t– ))→














s for t ∈ (t, t],
lim
(u(t– ))→




















Zhang Advances in Diﬀerence Equations  (2015) 2015:215 Page 9 of 16










































for t ∈ (t, t],
lim
(u(t– ))→
































































































































































































































































By (.)-(.), we obtain
e(t) =
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C–HDqa+u(t) = f (t,u(t)), t ∈ (a, t] and t = t and t = t,
u|t=tk = u(t+k ) – u(t–k ) =k(u(t–k )) ∈C, k = , ,






C–HDqa+u(t) = f (t,u(t)), t ∈ (a, t] and t = t,
u|t=t = u(t+ ) – u(t– ) + u(t+ ) – u(t– ) =(u(t– )) +(u(t– )),
u(a+) = ua, ua ∈C.
(.)












































Letting ρ(z) =  – σ (z) (∀z ∈ C), we have ρ(z + w) = ρ(z) + ρ(w) (∀z,w ∈ C). Therefore
ρ(z) = z, where  is a constant. So, we obtain the following two equations:






























































for t ∈ (t, t] (.)
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and














































































































for t ∈ (t, t]. (.)
For t ∈ (tn, tn+], suppose



































































for t ∈ (tn, tn+]. (.)























































































































































































for t ∈ (tn+, tn+]. (.)
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s for t ∈ (tn+, tn+],
lim
j(u(t–j ))→



























































































































































































































here ≤ j ≤ n + . (.)































































































































































for t ∈ (tn+, tn+]. (.)
So, the solution of system (.) satisﬁes Eq. (.).
By the proof of Suﬃciency and Necessity, it is shown that system (.) is equivalent to
the integral equation (.). The proof is now completed. 
Remark . Due to uncertainty of the constant , the deviation caused by impulse for the
fractional order nonlinear systems is undetermined.
Next, we provide an analysis of the connection between impulsive Caputo-Hadamard
fractional diﬀerential equations and impulsive ﬁrst-order diﬀerential equations. Letting






C–HDqa+u(t) = f (t,u(t)), t ∈ (a,T] and t = tk (k = , , . . . ,m),
u|t=tk = u(t+k ) – u(t–k ) =k(u(t–k )) ∈C, k = , , . . . ,m,





t dx(t)dt = f (t,x(t)), t ∈ (a,T] and t = tk (k = , , . . . ,m),
u|t=tk = u(t+k ) – u(t–k ) =k(u(t–k )) ∈C, k = , , . . . ,m,
u(a) = ua, ua ∈C.
(.)












s ] for t ∈ (a, t],







































s ds for t ∈ (a, t],
ua +
∑k





for t ∈ (tk , tk+],k = , , . . . ,m.
(.)
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Moreover, it is true that Eq. (.) is the solution of impulsive system (.) and indirectly
veriﬁes the formula of general solution for nonlinear systemswithCaputo-Hadamard frac-
tional derivatives and impulsive eﬀect.
4 Example
In this section, an example is given to illustrate the usefulness of the result in this paper.







+u(t) = ln t, t ∈ (, ] and t = ,
u| = u(+) – u(–) =,
u(+) = u.
(.)













 – ln s dss for t ∈ (, ],







































(ln t)  for t ∈ (, ],
u + + 

(  )









+ (ln t )

 ln)|t≥ –  (ln t)

 |t≥] for t ∈ (, ].
(.a)
Next, it is veriﬁed that Eq. (.a) satisﬁes the condition of system (.).
Taking the Caputo-Hadamard fractional derivative to the both sides of Eq. (.a), after
some elementary computation, we have
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=
{ 























































So, Eq. (.a) satisﬁes the Hadamard fractional derivative condition of system (.).




























































That is, Eq. (.a) satisﬁes the impulsive condition in system (.).









+u(t) = ln t, t ∈ (, ] and t = ,
u|t= = u(+) – u(–) = ∈R,






+u(t) = ln t, t ∈ (, ],
u(+) = u ∈R.
(.)
So, Eq. (.a) is the general solution of system (.).
5 Conclusion
For the ﬁrst-order impulsive diﬀerential equations, the solution is determined by initial
value. However, Caputo-Hadamard fractional diﬀerential equations with impulsive eﬀect
have a general solution and need more conditions to decide the constant  than the ﬁrst-
order impulsive ones. Moreover, due to the non-uniqueness of solution for the impulsive
fractional-order nonlinear system, it means that there appear new problems on impulsive
control of the fractional-order nonlinear systems.
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